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ON TAUTNESS OF TWO-DIMENSIONAL E-REGULAR AND 
E-PURE RATIONAL SINGULARITIES 

YUKI TANAKA 


Abstract. The weighted dual graph of a two-dimensional normal singularity 
(A, x) represents the topological nature of the exceptional locus of its minimal 
log resolution. (A, x) and its graph are said to be taut if the singularity can 
be uniquely determined by the graph. Laufer m gave a complete list of taut 
singularities over C. In positive characteristics, taut graphs over C are not 
necessarily taut and tautness have been studied only for special cases. In this 
paper, we prove the tautness of F-regular singularities. We also discuss the 
tautness of F-pure rational singularities. 

1. Introduction 

Throughout this paper, we fix an algebraically closed field k of arbitrary charac¬ 
teristic. Let {X,x) be a two-dimensional normal singularity over fc, that is, a pair 
consisting of the spectrum of an two-dimensional normal local ring essentially of 
finite type over k and its unique closed point. We say that two such singularities 
are isomorphic if the completions of their local rings are isomorphic to each other. 
A morphism tt : U —> A is called a log resolution if it is a proper birational mor¬ 
phism from an nonsingular surface Y and its exceptional locus Tr~^{x) is a simple 
normal crossing divisor. There exists such tt isomorphic over X \ {a;}. (See [11]'). 
Contracting all (—l)-curves with 2 or less intersections with other components, we 
obtain a unique minimal log resolution of {X,x). For the minimal log resolution 
TT : Y ^ X, let E := Tr~^{x) = C U be the exceptional locus of tt. By 

assumption, each component Ei is a nonsingular projective curve embedded into a 
nonsingular surface. 

Definition 1.1. For an exceptional divisor Z = supported on E, define 

the weighted dual graph Tz associated to the divisor Z as follows: 

(1) Each irreducible component Ei corresponds to a vertex Vi. 

(2) An intersection of Ei and Ej corresponds to an edge between Vi and Vj. 
Consequently, there are Ei ■ Ej = #{Ei C Ej} edges between Vi and Vj. 

(3) Each vertex Ui is associated with three integers, the arithmetic genus Pa(Ei), 
the self-intersection number —bi = Ef and the multiplicity t'j. 

We define the weighted dual graph associated to the singularity {X,x) by Tx,x '■= 
F£). Two weighted dual graphs are said to be isomorphic to each other if there exists 
an isomorphism of graphs preserving all corresponding weights simultaneously. 

Note that Tx.x is isomorphic to Tx',x' if {X,x) is isomorphic to {X',x'). Now 
we give the definition of tautness for two-dimensional normal singularities. 

Definition 1.2. Let {X,x) be a two-dimensional normal singularity over an alge¬ 
braically closed field k. Then {X,x) is said to be taut if the following condition 
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is satisfied: if (X',x') is another two-dimensional normal singularity over k and 
Tx',x' is isomorphic to then {X’,x') is isomorphic to {X,x). We say Tx,x is 
taut if {X,x) is taut. 

Laufer |10] gave a complete list of taut singularities over the complex number 
field C using the deformation theory of analytic spaces. In positive characteristics, 
the classification of taut singularities are far from complete. Shiiller [TS] recently 
proved that modulo p reduction of a two-dimensional taut singularity (X, x) over 
C is taut for sufficiently large p. In his proof, he did not give a sharp estimation 
of the characteristics in which the tautness holds. Lee and Nakayama [T^] proved 
in arbitrary characteristics that Tx,x is taut if it is a chain with all genera zero. 
Artin’s list of rational double points (RDP) [T] tells us that there are both taut 
RDPs and non-taut RDPs in positive characteristics 

P’-singularities are important classes of singularities in positive characteristics. 
As one of these singularities, A'-regular singularities were introduced by Hochster 
and Huneke [7] in the theory of tight closure. They can be regarded as a character¬ 
istic p > 0 analogue of log terminal singularities because log terminal singularities 
over C become F-regular after reduction to modulo p » 0 0 [n] ng. On the 
other hand, observing Laufer’s list, we can see log terminal singularities over C are 
all taut. Therefore it is natural to ask whether P"-regular singularities are taut or 
not. Our main result gives an affirmative answer to this question. 

Theorem 1.3. Every two-dimensional F-regular singularity over an algebraically 
closed field of positive characteristic is taut. 

There is a larger class of T-singularity called F-pure singularity. Although F- 
purity is neither a sufficient condition nor a necessary condition to be taut even 
for a rational singularity, there is a relationship between F-purity and a kind of 
“tautness” of rational double points. This is discussed in Section 5. 

2. F-singularity and its classification 

We recall the definition of F-regular and F-pure singularities. 

Definition 2.1 (0, 0). Let {X,x) = (SpecA, {m}) be a two-dimensional normal 
singularity over an algebraically closed field k of positive characteristic p and F : 
A —>■ A he the Frobenius endomorphism sending f G A to f^ G A. For each 
integer e > 0, e times iteration of F gives A another A-module structure defined 
by a • 6 = a'^b {q = p®) and we denote this module by FfA. X is said to be F-finite 
if F*A is a finite A-module. 

Suppose X is F-finite. 

(1) (X, x) is said to be F-regular if for every 0 7 ^ c S A, there exists an integer 
e > 0 such that cF® : A —F®A sending x to cx^ splits as an A-module 
homomorphism. 

(2) (X,x) is said to be F-pure if F : A —)• F*A splits as an A-module homo¬ 
morphism. 

F-regularity implies F-purity by definition. Since we only consider spectra of 
F-finite rings, F-regularity and F-purity are preserved under completion. We omit 
“normal” for F-regular singularities because F-regularity implies normality 0 . 
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The proof of the main theorem heavily depends on Hara’s classification of F- 
singularities. In order to quote results of Hara, we define the “type” of a star-shaped 
weighted dual graph. 

Definition 2.2. A center of a graph T is a vertex v having three or more edges 
directly connected. T is a chain if it is connected and has neither a center nor a 
loop, r is star-shaped if it is connected, has just one center and contains no loop. 

If a weighted dual graph T is star-shaped, we can define the ‘Hype" of T as follows. 
For each branch {vi}i^i{I C {1, 2, • • • n}), which is a connected component of F the 
unique center removed, the type of this branch is defined as d := det(— 

If F has branches of type di,d 2 , - ■ • di{di < d 2 < ■ • • < di),T has type {di, d 2 , - ■ ■ di). 

Some information is omitted compared to Hara’s version [5], but it does not 
matter in almost all cases. 

Note that if {X, x) has only a rational singularity, every irreducible component 
of E is isomorphic to the projective line P^. So arbitrary three points on Ei can be 
taken as 0,-1,oo G P^ by an appropriate coordinate change. On the other hand, 
four distinct points on Ei can be written as 0, —1, A, oo S P^ (A yf 0, —1, oo). 

Now we can describe Hara’s theorems on F-singularities and their dual graphs. 

Proposition 2.3 (0 Theorem (1.1)]). {X,x) is E-regular if and only if it has only 
a rational singularity and one of the following holds: 

( 1 ) F is a chain. 

( 2 ) F is star-shaped and either of type 

(a) ( 2 , 2 ,d)(d> 2 ),p^ 2 , 

(b) (2,3,3) or (2, 3,4), 2, 3 or 

(c) (2, 3, 5), 2, 3,5. 

Proposition 2.4 ([21 Theorem (1.2)]). Assume that {X^x) has only a rational 
singularity. If {X, x) is E-pure, then one of the following holds: 

(1) {X,x) is F-regular 

(2) (X,x) is a rational double point, and the graph is either 

(a) D„+ 2 (n> 2 ), p = 2 , 

(b) Eq or Et, p = 2, 3 or 

(c) Es, p = 2,3,5. 

(3) The graph is star-shaped of type either 

(a) (3,3,3) or (2, 3, 6), p = l(mod 3), 

(b) ( 2 ,4,4), p = l(mod4) or 

(c) ( 2 , 2 , 2 , 2 ), p 7 ^ 2 and satisfies the condition (*). (explained later) 

(4) The graph is i^Dn+zin > 2), p 7 ^ 2. (Figure^ 

Conversely, if (1), (3) or (f) holds, then (X,x) is F-pure. 

Condition (*) in (3)(c) is the following: if we write the intersection points at the 
central curve as 0, —1, A, 00 € P^ and p = 2m + 1, then the coefficient of x™ in the 
expansion of (a;+ l)'"(a;— A)™ is not zero. Equivalently, 7 ^ 0 in fc. 

This condition is an open condition for X G k. In particular, this holds for infinitely 
many A since k is algebraically closed and therefore infinite field. 

If all EiS have the self-intersection —2 or less, the type of a branch in a star¬ 
shaped graph is strictly larger than the length of the branch. In other words, the 
length of a branch is bounded above by its type minus one. This can be shown 
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Figure 1. »Z3„+3 graph 

by the induction on the length of the branch. This will help you illustrate the 
graphs appearing in the above theorems. For example, (2) (a) case in Proposition 
2.3 corresponds to (n > 4) graphs with the self-intersection —2 for length 1 
branches and —2 or less for the other components. 

3. Tautness criterion 

For two-dimensional normal singularities over C, Laufer gave an equivalent con¬ 
dition to its tautness [9]. In positive characteristic case, this was partly extended 
by Schuller [15]. We describe this criterion in this section. 

Let {X, x) be a given two-dimensional normal singularity over an algebraically 
closed field k of positive characteristic p and Tx,x be the associated weighted dual 
graph. Tautness of a nonsingular point is obvious and we may assume Tx,x is not 
a empty graph. 

There is a necessary condition for tautness. 

Definition 3.1 ([H]). A weighted dual graph F is potentially taut if (i) every 
vertex is associated with the arithmetic genus 0 and (ii) every vertex has 3 or less 
edges connected directly. 

Proposition 3.2 (0 Theorem 3.9., Theorem 3.10. ], m Lemma 1.8.]). Tx,x is 
potentially taut if it is taut. 

By this, we may assume that Txx is potentially taut and combining this to 
m not a chain. Furthermore, we may assume the original singularity is F-pure 
rational in our argument and thus all self-intersection number is at most —2. We 
describe properties of F x,x using not the language of the graphs but of divisors to 
help you imagine the resulting scheme P. To apply the tautness criterion, we have 
to construct a “plumbing scheme”. 

3.1. Constructing F from Tx,x- Giving appropriate multiplicities for compo¬ 
nents of Tx,xi we construct a weighted dual graph F. Since the intersection matrix 
{Ei ■ Ej}ij is negative definite [5] and in particular invertible matrix, there exists 
an anti-ample cycle Z = ViEi G DivV, that is, a cycle satisfying Z ■ E^ < 0 
for i = 1, 2, ■ ■ ■ n. Following the argument on fundamental cycles in [5], i/i > 0 for 
all i. In particular, changing Z to its multiple and adding small effective divisor, 
we may assume gcd(ui,p) = 1. We fix a sequence of effective divisors 

0 = Zq < Zi < ■ ■ ■ < Zjn = Z (Z/^+i = Z/; + Ei^ (k = 0,1, ■ ■ ■ m — 1)). 

We need some values to construct F. 
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Definition 3.3. For an anti-ample divisor Z and a sequence {Zk} as above, 

T .— maXo</i;<7n ) 5 ^ ' — ILl^^l<I<n (0; ‘^{^Pa ) 2), 2pa (-^i) 2 Ej^ ). 

Since r > 1 and A > 0 hold in our situations, we assume them. Then define the 
significant multiplicity v for Z as 

V := min{u' G Z|f' > r -|- A -|- 1, gcd{i'',p) = 1} 

In [15] , more complicated conditions are required for u. But these are simplified 
in our situations. Note that all coefficients of vZ are not divisible by p. Let 
Z ■=vZ = Yh=i and F := Tz- 


3.2. Constructing a plumbing scheme P from F. Let F be the weighted dual 
graph constructed above. F has no loop by Proposition 2.4. For each E^, we 
construct an open neighborhood Wi of Ei C P and glue them into a plumbing 
scheme P. Then P is a projective scheme embedded in a regular two-dimensional 
scheme. 

First we construct Wi. Let Ci be the number of irreducible components meeting 
Ei. Since F is potentially taut and not a chain, 1 < < 3 for all i. Assume i = 0 

for simplicity. IFo is defined as a union of two affine schemes 

Vo = Spec {k[xo, yo, (yo - 1)"^]/(/)) 

Vo = Spec {k[xo, Vo, {xq - 1)"\ (% - 1)" V(/')) 


where / G k[xo,yo, ivo - 1) and f G (x'^ - 1) \ (y^ - 1) i] are poly¬ 

nomials defined below. Then Vq and Vq are one-dimensional schemes embedded in 
{yo 7 ^ 1} C and {x'q l,yo 7 ^ 1} C Aj. respectively. / and /' differ depending 
on the value of cq. 

(1) If Co = 1 and Ei Cl Eq (j), 

f = xl^ylfi /' = yr- 

(2) If Co = 2 and E, nEo^fiij = 1, 2), 

f = a^o f =Xo Vo ■ 

(3) If Co = 3 and E^ nEofi^fiij = 1, 2,3), 

/ = (xo-ir<^yo"«, /'=xr2/r- 


Then glue them on {a;o 7 ^ 0,1} C Vq and {x'q 0} C Vq via the coordinate change 
given by 


/ -1 

Xo = Xq 

yo = x'o^°yo 


and 


Xq = Xq 

y'o = ^o°yo 


where —bo = Eq is the self-intersection number. In (3) and (4), there is ambiguity 
in choice of the order of Ei, E 2 , Eq. Although this choice may result a different 
affine charts, we may choose one arbitrary order. 

At the same time, we can glue the neighborhoods of Vq and Vq into a non¬ 
singular rational surface by the same coordinate change. So we obtain Wi as a 
one-dimensional scheme embedded in a nonsingular surface. Wi has one irreducible 
component whose reduced structure is isomorphic to P{, and its self-intersection 
number is —bi. 
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Now we glue {Wi}i and their neighborhoods into one respectively to obtain P. 
Assume {g} := EiCi Ej ^ (j)[i ^ j) and consider the glueing of Wi and Wj. First 
take a new coordinate system {xij,yij) on Wi near q. 

(1) li q = {xi = 0} e Ei, Xij = Xi, Dij = yt on {xi ^ 1, oo} C Wi 

(2) li q = {xi = 1} G Ei, Xij = Xi - 1, yij = yi on {xi 7 ^ 0, oo} C Wi 

(3) liq = {xi = 00 } G Ei, Xij = x'i, y^j = y[ on {xi 7 ^ 0, 1} C Wi 
Take a coordinate system {xji^yji) on Wj near q in the same way. 

Then we can glue appropriate open subsets of them via 

Xij Vji^ Uij Xji- 

As the construction of Wi, we can glue neighborhoods of them at the same time. 
Glueing all Wi, we obtain P embedded in a regular two-dimensional scheme. This 
neighborhood is not necessarily separated. Now P is a one-dimensional projective 
scheme over k associated with the weighted dual graph T as a divisor. 

3.3. Schuller’s criterion. 

Proposition 3.4 ([TSJ Proposition 3.16.]). Let {X,x) be a two-dimensional F-pure 
rational singularity over an algebraically closed field k of positive characteristic p. 
Assume that the weighted dual graph Tx,x has at least two vertices. Let T be the 
weighted dual graph constructed in Section 3.1. and P be the plumbing scheme for 
r. Let Qp 'Homop(Ltp,Op) be the tangent sheaf of P where Lip is the sheaf of 
differentials. Then {X,x) is taut if H^{P,Qp) = 0. 

Remark 3.5. We can apply similar arguments in the case k = C. In this case, 
H^{P,Qp) = 0 is also the necessary condition for {X,x) to be taut [H]. Schiiller’s 
conjecture says that this also holds in positive characteristic. 

We denote r(0(7) = r(17, 0p|j/) and H^{Qu) = H^{U, 0p|;7) for an open subset 
U CP. 


4. Proof of the main theorem 

We prove the main theorem using Schuller’s criterion (Proposition 3.4) and 
Hara’s classification (Proposition 2.3). 

4.1. Chain case. According to [12], a rational singularity associated with a chain 
graph is taut. This can also be proved by the computation below. 

4.2. Star-shaped case. The proof requires long computation. 

4.2.1. Forms of each branch. The following is the list of possible branches of each 
type. The number in a vertex represents its self-intersection number. Self-intersection 
number —2 is omitted. 



Figure 2. type 2 branch. 
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Figure 3. type 3 branches. 



Figure 4. type 4 branches. 



Figure 5. type 5 branches. 


4.2.2. General settings. We have to compute H^{Qp) for all possible cases. We 
take an open covering of each plumbing scheme in a common manner. 

We fix the notation as follows. Let the central curve be Eq. Label three branches 
by 1,2,3 in ascending order of their types. For branches of the same type, label 
them in ascending order of the labelings of the branches listed above. We set the 
labeling of each irreducible component of P as follows : the component in the 
i-th branch next to Eq is En, the next is Ea, and the last is Eu.. (Figure 
Consequently Zi -b ^2 + ^3 + 1 = n. 



Figure 6. Labeling for a star-shaped graph. 

Let the intersection of Eq and the first (resp. second, third) branch as {xq = 0} 
(resp. {xq = l},{3;o = 00 }) where Xq is a coordinate of Eq = P^. Precisely, we 
cover Eq C P hy two open afhne subsets Aq and A’q defined by 

^0 = Spec(A:[a;o,yo]/(a;o - 
Wo = Spec(M4, y'o, (4 - 

Here (xo,yo) and (a:o,?/o) correspond to the coordinates in the construction of Wq 
(Figure [^. 
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^0 


-E '21 

£11 



Figure 7. Open affine cover of c P. 


Next we take an open affine covering of the i-th branch. For simplicity 

of notation, we write Eq as Eig. First let 

Ah = Ea, \ {Eii. n £'i(/._i)) = Spec{k[xih,ya,]/y''iY)- 

We take an open neighborhood of O Eij {1 < j < k — 1) as 

Aij = \ n £'i(j+2))) U {Eij \ {Eij n 

= Spec{k[xij,yij]/x''A+"^yA) 

Here En-^i refers to a point {xu^ = 0} S En. \ Ei(j._iy Then Aij is a union of two 
thickened K\ and An. is a thickened h.\. 

We have got an open affine covering {Ho,Hq} U {Aij}j U {A 2 j}j U of 

P. Let Uq = (IJ^ ^ij) 0 (IJ^- A 2 j) U Aq and Ui = IJ^- A^j U Aq. Then Uq O Ui is 
a thickened three points removed. So P = t/o U Hi is a Leray cover for 0p 
provided i7^(0j/J = 0 (i = 0,1). If this is the case, 

H^{Qp) = Coker (r(0(7o) © r(0c/J r(0c/onc/i)) • 


The coordinate changes are given by 


+ Vij ! 
a:ii = % \ 
X 21 = % \ 
a;3i = yo”\ 

Xq = Xq ^ 

This will be used later. 


ViU+i) = Xijy\f^*^'’ {l<j<k - 1) 

bi 1 

yii = a:o2/o 

2/21 = (a^o - 1 )%"' 

2/31 = 42 / 0 ^"' 

/ bn 

Vo = Xo°yo- 


4.2.3. Local calculation of the tangent sheaf. Now we start the computation of co¬ 
homologies. First we have to compute the sections of 0p on each affine subsets. 
For an affine scheme A = Spec(fc[a;, y ]/(/)) (/ G k[x, y]), we have an exact sequence 

{f)/{f) {k[x, y]/{f))dx © {k[x, y]/{f))dy ^ 0 

by the embedding A C [T3]. Taking k[x,y\-(ind\ (or equivalently k[x,y\/{f)- 
dual) of this sequence, we obtain 

d d 

0 ^ 0fe[x.y]/(/) ^ {k[x,y]/{f))— © {k[x,y]/{f)) — . 

By this sequence, elements of Qklx,y]/{f) can be represented as a k[x,y]/{f)-\i-aea,T 
sum of d/dx and d/dy. 
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• U f = (gcd(F,p) = 1 ), then df = ^dy and 

(1) ^klx,y]/U) = ik[x,y]/{y''))^ © {k[x,y]/{y‘'-^))y-^. 

• If / = x‘''y'^ {gcd{i^,p) = gcd{v',p) = 1), then df = v'x'''~^y'^'^dx + 
vx’^ y''~'^dy and 

(2) 0M..y]/(/) = {k[x,y]/{x'''-V))x^ © {k[xM/{x^'y''-^))y^^. 

• If / = (a; - lY''x'''y'' {gcd{v,p) = gcd{y',p) = gcd{v",p) = 1), then df = 

{v"x + i^'{x - l))(a; - + u{x - If" x'''y''~^dy. 

: {v''x + v'{x - l))(x - V") = ((x - l)x) 

and we obtain 


Qk[x,y]/U) ={k[x,y\l{{x - IY" ^x''' ^yY){x - 


d 


(3) 


dx 


{k[x,y]/{{x-lY"x'''y'' ^))y^- 


The coordinate change of differential operators is given as follows: if x = y' 
and y = x'y'^, then dx = —y' ^dy', dy = y'^dx' + bx'y'^ ^dy' and 

d , , , d ,2 d d ,-b d 
dx~ dx' ^ dy' ’ dy ~dx'' 

To simplify the notations, linear terms 


d 


, d , d d , d 


^dx dx' ^ dy'' ^dy ^ dx' 

are convenient. By —xj| + by^ = y' we obtain the following lemma. 
Lemma 4.1. As a k-vector space, 


d 


d 


> d 


9 


^ ' ^dx ® ^ 


dy 


dx' 


dy' 


4.2.4. Differential forms on three branches. Now we can calculate the cohomology 
of the tangent sheaf on each branch. For simplicity, denote Aiq = A20 = Aq and 

^30 = A'q. 

Lemma 4.2. H^(Q. ) = 0 and lm(r(0. .i, . ) —>■ r(0A,onAii)) has a basis 

Uj = l Uj = l ^ij 

as follows: 

• //* = !, 


( 4 ) 


d 


{0<s<vii-2,teZ,l3it<ais) 

OXq 

d 

Xodlyo^— (0 < s < 1^11 - 1, t G Z, Pit < Ois) 
oyo 

d 


xlyl^aixe,— -/3iJ/o;^) (0 < s < - 1, Pit = ois + 1) 


dyo 
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• If^ = 2, 


(xo - iryo(xo - 1)^ 
(5) (xo - iVyoyo^ 

O 

(xo - l)’'yo(a 2 (xo - 1)^- P 2 yo^) 

oxq ayo 

• //* = 3, 


(0 < r < 1/21 — 2 , t e Z, I 32 t < a2r) 

(0 < r < 1/21 — 1, t G Z, P2t < a2r) 

(0 < r < 1/21 - 1 , P2t = a2r + 1 ) 


i0<S<V3i- 

( 6 ) (0<s<J^3i- 

4 * 2 / 0 * (“ 3^0 ^ “ ^32/0 ^ ) (0 < s < 1/31 - 


Here ai = det(—• Eij>)i<j ji<i. and Pi = det{—Eij 

A = 1. 


2, t G Z, ^ 0 ^ 35 ) 


1, t G Z, < a3s) 


1 , /Sat = aas + 1) 

Eijp2<j,j'<li- If — 1? -^f^t 


Proof. For simplicity, we prove the lemma in the case i = 1 and omit the 
subscript i so that the branch is covered by 

First note a and P appeared above are easily calculated as 

^ = 61 - - -- (a, P>0, gcd(a, P) = 1). 

P b2- . 1 


It is very easy to show by the induction on I using the expansion of the determinant 
of the intersection matrix. 

We prove the lemma by the induction on Z = 2^ > 1. In the case 2 = 1, the 
branch is Ai and H^{Qai) = 0 because Ai is affine and 0p is coherent. By the 
equation Q, r(0Ai) has a set of generators consisting of the following elements: 


s t ^ t bit — s 

a^i2/ia^i^ =Xoyo 


, d d 

hxoT. - yoT^ 

0 x 0 oyo 


(7) 


s t ^ t hit — s ^ 

x,y,y,— =x,y, 


-1 t ^ t bit+l 

yi^i^=^o 2 /o 


, d d 

hxoT, - 2 / 0 ^ 

^xq oyo 


On the other hand, r(0^QnAi) has a basis as follows: 


d 

XovliXo-^iO < s < j/i - 2,t G Z) 
42 /o2/o^(0 < s < j/i - I,t G Z). 


(s, t >0) 
(s, 2 > 0) 
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Using lemma 4.1., Im(r(0yij —r(0^QnAi)) has a basis 


( 8 ) 


s t d 

s t 9 


XoVo 


, d d 

oixq^ - 

uxq oyo 


(0 < s < ui — 2,t < bis) 

(0 < s < Fi — l,i < &is) 

(0 < s < Fi — l,t = bis + 1). 


In this case, a = bi and /3 = 1. So (|^ coincides the set of generators Q. 

Assume I > 2 and the lemma holds for any smaller 1. Let 7 i = det(—Aj • 
Eji)z<jj'<i-. r( 0 ^jnA 2 ) has a basis as follows: 


d 

XiViXi ^—(0 < s < F 2 - 2,t e Z) 

UX\ 

x{y{yi^{0 < s < f2 - l,t e Z). 
oyi 


Applying the induction hypothesis for Uj=2 ^Aj) = 0 and lm(r(0yi ^ 

r(0AinA2)) has a set of generators as follows: 

d 

x\y\xi —— (0 < s < U 2 — 2, f G Z, yt < /3s) 

x{y\yi-^^ (0 < s < U 2 - 1, t G Z, 7 < < /3s) 
d d 

x{y\{l3xi— - (0 < s < U2 - 1, t G Z, 73 = /3s + 1). 

If 3 < 0, xly\xi-^ and x\y\yi^^ are all contained in lm(r(0yi ^^^) —>• 
r(0AinA2)) and other cocycles are contained in r(02ii). So the restriction map 
r(0u'_2Aj) ® r(0Ai) —t r(0AinA2) is surjective and = 0 since 

{Uj^ 2 ^f^i} is a Leray covering of by the induction hypothesis. r(0yi_^^^.) 

can be computed as Ker ^r(0u!_ ® r(0Ai) —t r(0AinA2)y Since (U^'^2^3) ^ 

Ao = (/>, 


lm(r(0yi^^ -A r(0AgnAi)) 

=Im ^Ker ^r(02ii) —Coker ^r(0yi^^ j^.) -A r(0^jnA2)^) —t r(0AonAi)^ ■ 


This looks complicated, but it says that we have to consider coboundaries coming 
only from Ai to calculate lm(r(0y! ^^^.) —r( 02 iQnAi))■ 
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Ker 


(r(0Aj —Coker ^r(0yi —>• r(0yijnA2))) is generated by 

d 


xly\xi 


x{y\xi 


x{y\yi 


x{y\yi 


d 


dxi 

d 

dxi 

d 

dyi 

d 

dyi 
d 


(0 < s < 1^2 — 2, t > 0, /3s > jt) 
(s > U 2 — 1 , t > 0 ) 

{0 < s < U 2 — 1, t > 0, l3s > "ft) 
(s >V 2 ,t> 0) 


xWiilixi- -72/1^) (0 < s < 1^12 - 1, t > 0, /3s + 1 = "ft). 

oxi oyi 

Then we apply the coordinate change Q. Note that a//3 = &i — "f/P- Then these 


are 


d 


d 


d 


dyo 
d 


x^yl ( biXQ— - yo-^ ) (s > 0,t < max{-s,6is -V 2 + 1}) 


/3 


xWoXq -— (s > 0,t < max{-s, 6is - 1 ^ 2 }) 


dxt 

d 




^oVo -/3yo-^j {s >0, as+ 1 =/3t). 

Changing the basis and sending them to r(0AonAi), 

d Ck. 

x^y^xo-^ (0 < s < - 2,t < max{-s, 61S - 1/2}) 

d Ck 

x^ylyo-^ (0 < s < - l,t < max{-s, 6is - 1/2}) 

f d d \ 

xlyl hixo-^ -2/0^ (0 < s < 1^1 - l,t = 5 is - 1^2 + 1 }) 


oxq dyo 
B t I 9 a ^ 

V, I “0^ - 


(0 < s < 1^1 — 1, as + 1 = /32). 


Conditions on exponents can be simplified by the following fact. 

a 

S < => —S > OiS — 1 / 2 - 

The resulting inequality is equivalent to bis — V 2 —^s = (&i —^)s — 1^2 = ^s — V 2 < 0. 
We show this by the induction on Z > 2. 

If Z = 2, then a = 61 — I/ 62 , /3 = Z )2 and 7 = 1 . 

S — b2l'2 < 

= E 2 ■ VlEi + E 2 ■ 1'2E2 
= E 2 ■ vZ — E 2 ■ r'o^/Q 

< E 2 ■ vZ 

< 0 


because vZ is anti-ample. So ^s — 1^2 = 57(s — 621^2) < 0. 
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Next assume I > 3 and this holds for I — 1. Let 6 be det{—Eij ■ Eijr) 4 <jji<i. for 
I > 4 and 1 for I = 3. Then /3 = 627 — S and 

7 s — /3 f2 < 7 F 1 — (&27 — S)l'2 
= 7(ui - 621^2) + Sv 2 
= 'y{E2 ■ vxEi + E 2 • V 2 E 2 ) + 6u2 
= 7(i?2 ■ vZ — E 2 - I'aEs) + 5 v2 

< —7U3 + 5v2 

< 0 


by the induction hypothesis. 

Consequently, coboundaries Q can be written as 


d 


d 

^oJ/o^OR— (0 < s < Fi — 2, t e Z, /3t < as) 
0 x 0 

(0 < s < ui - 1, t e Z, /3t < as) 
oyo 

d 


xlvliaiXQ- - PiVo^—) {0 < s < ui - 1, pt = as + 1), 

oxq oyo 

which is the desired form. □ 


We need a further coordinate change and computation for coboundaries from 
Ui- r(0^'^) has a set of generators consisting of following elements: 

^o'vo^'o-^ (s,t>0) 

(1 - Xo^yo^Xg-^ (r<0,t>0) 

^o'yoy'o-^ {s,t>0) 

{l-XoYyoy'o^ (r < 0, t > 0) 

^yo 

Same computation as the proof of lemma 4.2 shows that the restriction map 

(10) ^ Coker (r(0Lj^^3^.) —>• r(02ijjn^3j) 

is surjective. This shows = 0 because Ui = A'^ U {{Jj A^j) is a Leray 

covering for Qjji ■ The kernel of (10) has a basis consisting of 


/ s /t / d 


■ r 


^0 2/0 (/ > 0, s > min{— t, vgi - 1}) 


dx\ 


ag 


dy\ 

/ S f t / / ^ Q ' ^ \ 


y'o y'o-^ (t > 0, s > min{—CF31}) 


ag 


(0 < S <F 3 i - 1, Pot = agS + 1) 
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((l-4)’'-(l + a:o + --- + a;o''"' (r < 0, t > 0) 

((1 - XoY - (1 + x'o + • • • + ^0*^0^ (r < 0, i > 0). 


This is a part of a basis of r(0(7j) containing all elements necessary for computing 
the coboundaries. Sending them to r(0^pnyi^): these are 


(11) 



‘ 

Xq 

, ,t , d 

(0 

< 

t<vei-l, Pst 

< Q!3s) 

(12) 



^0 

s it , d 

y^dy'. 

(0 

< 

t<vii-2, Pzt 

< aas) 

(13) 

x'o 

4o‘(a34 

d 

dx'^ 

l^sy'o^) 

dy'o 

(s 

> 

Oj ht = CkgS + 

1) 

(14) 




It 1 d 





((1-4)’'- 

-(l + a;g + -- 

• + 4"'" 


{r 

< 

1 

;? 

VI 

VI 

o 

o' 

1) 

(15) 




. It 1 d 

lyoi/0^ 





((1-4)’'- 

- (1 + 4 -1- • 



{r 

< 

0, 0 < t < 1^0 — 

2). 


This is a basis of Im(r(0(7j —>• r(0(7Qn(7i)), coboundaries from Ui. 


4.2.5. Differential forms near the central curve. In 4.2.4, H^{Ui) = 0 is shown and 
Im(r(0t7j) —r(0c/(,n;7i)) is computed. Next we show H^{Uo) = 0 and compute 
Im(r(0t7o) r(0t7gn(7i))- 

7?^(0£/o) can be calculated as 

H^i&Uo) = Coker j r(0^g) ^ Coker(r(0^i,^ — )• r(0AgnAii)) 

\ i=i.2 

because Uq = Aq LI (IJ^ Aij) U (IJ^ A 2 j) is a Leray covering for Quo- Let 
Cl := Coker(r(0u^^,^^.) —>■ r(0Aonyiii)) 

C 2 ■= Coker(r(0Uj.A2j) r(0AonA2i)) 

Ki := Ker(r(0Ao) ^ Ci) C r(0Ao) 

K 2 := Ker(r(0Ao) ^ C 2 ) C r(0Ao). 

Then H^{Qug) vanishes if and only if K 2 Ci and Ki —>• C 2 are both surjective. 
Now we prove only surjectivity of the map K 2 —>■ Ci. The proof of the other goes 
symmetrically. By ^ and ([^, 1^2 is generated by the following elements: 

{xo - lYy^xo-^ (t > 0,r > min(—t + 1, 1 / 21 )) 

OXq 02 

(xo-iYyoyoJ^ (i > 0 ,r > mm(—t,i^2i)) 
oyo a2 

d d 

{xo - iyyl{a2{{xo - 1)--/?2yo^) (1 < - 1, P2t = a2r + 1) 

oxo oyo 
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Changing the basis, this is same as 
(16) 


d 


(a;o - lyx^oVoXo-^ 

{xo - lyx^oVoVo-^ 

a2{xo - iy~''^ylxo-^ - P2{xo - l)"'2/o2/o^ 
oxq ayo 


We check 
(17) 


^oVo^o-^ e Im (r(0u,Ai, ) 


02 

(s,t > 0,r = mind "—1 + 1 ],F 2 i)) 
a2 

02 

(s,< > 0,r = mind"—t], U 2 i)) 

Cl2 

(1 < r < U21 — 1, 02t = a2r + 1). 


' K2 r(0^(,nAi)) 


for 0 < s < Fii —1 and t G Z. If s > it is already in Im (r(0Uj Aij ) —t r(0yiQnAii)) 
by (j^. We prove (17) by the descending induction on s < Assume (17) holds 
for all larger s. Ifr = mind'^t-f 1], F 21 ), then (-l)’'(xo-l)’'a;g?/^xogf^ £ Im(A :2 -t 
r(0y4j, n All)) is a sum of XqU^xq-^ and terms with higher degree in Xq- Since 
these higher degree terms are in the image by the induction hypothesis, XqU^xq-^ 
is also in the image. Then (171 is proved. Similar argument can be applied to yo 
terms and surjectivity of K 2 —t Ci is proved. Then we obtain i7^(0c/j,) = 0. 

Next we need a basis of 

TiQuo) = Ker(r(0^J ^ Ci © C2) =K^nK2 


but this can be easily obtained by (16). So we give the list later. 


4.2.6. Remarks on ai and 0i. The coboundary space from Uq and Ui are deter¬ 
mined by ai and 0i for i = 1, 2,3. If 0 < 7i < 01, 

cti = hi0i - 7i > 20i - 7i > /3j. 

Applying same argument for subgraphs of each branch, we obtain ai > 0i > 0 {i = 
1, 2, 3). In particular 0i/ai < 1 — Jr because ai coincides with the type of the i-th 
branch di. 


4.2.7. Computing H^{Qp) = 0. Now we show 

nyop) = Coker(r(0i/J © r(0i/J ^ r(0AonAj) = 0. 
We take a basis of r(0A(,nAi) as follows: 

(s £ Z, 0 < t < fq — 1) 

(s £ Z, 0 < t < Fo - 2) 


(18) 

s t 9 

(19) 

s t 9 

(20) 

(2;o - lyvox'o-^^ 

(21) 

(4 - l)’’2/o‘j/o^ 
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Now r(0£/„) = ^ 10^2 has a set of generators 

d 


(22) (xo - lyxlylxQ 


dxa 


-132 


t > 0 , r = min < [—t + 1 ], 1^21 ? , s > min < —t, uu — 1 


02 


/3i_ 


Or 


(23) {xo- lyx^oylyo^ 


dyo 


-P 2 


t > 0, r = min < |" — t], 1^21 f , s > min < — t, vn 


(24) 


02 

d d 

(xo - l)’'xgyo(«ia;oA- Piyo^) 

0 x 0 dyo 




-P 2 


r,t>l,r = min<^ l\,V 2 i \ , s = —t- 


02 

d 


Ol 


/3i_ 


1 


(25) O 2 (xo - 1)’’+ xly^xo^ -^ 2 ( 2:0 - l)’'a:oyo 


Ol Ol 

d 


dxo 

1 


dyo 


r, t > 1 , r = —t - , s = min < |"—1 \, vn 


02 02 


-/?! 


Ol 


by® and ( [I^ . 

On the other hand, by the coordinate change of (11), (12) and (13), r(0c/j) has 
a basis 


(26) 

(27) 

(28) 


XoVlxo 


Xovlvo 


XoVo 1 “32:0 


d 

dxo 

d 

dyo 
d 


A-a yo^ 

dxo dyo 


0<t<vo — 1, s< —t 
03 

o' 

0 < t < r-o - 2 , s < —t 
03 


« o' 1 

0 <t<r'o — 1 , s = —t H- 

03 03 


(29) ((1 - x'o)’’- (1 + x'o + • • • + Xq'""' ^) ’’)yo‘a;o^ (r < 0, 0 < t < - 1) 


(30) [il - x'^y - (I + x'q + ■ ■ ■ + x'q^^ ^) ’’)yo*2/o^ (t < 0, 0 < t < J/Q - 2). 


where o' = 6003 -/ 33 . 


3 . If 


First we prove that cocycles of the form Xgi/gi/og^ are all coboundaries 
s < it is a coboundary coming from Ui by (27). For s > y^t, we show 

that Xgi/g?/og|^ is a coboundary by the induction on s fixing t. We show that 
(xq — l)’’xQ“''ygyog|;^ is a coboundary from Uo where r = l^f] later. If this was 
shown, (xg — l)’'xQ“''yQ?/gg^ is a sum of x^y^yo^^ and terms with lower degrees 
in Xg. By the induction hypothesis, these accompanying terms are coboundaries. 
Canceling them, we know that Xgi/gi/og^ is also a coboundary. 

What we have to show is s — r > It is enough to show 
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We check this case by case. 

(1) Type (2, 2, d) case: since type 2 branch consists of a (—2)-curve, fy = = 

i and ^ > 1. So 


I a' . . ,1 1 . 1 Pi rP2 n 

[—+ i>^+i>(9 + 9)^+9> + r—• 

0:3 Z Z Z Oil 0^2 

(2) Type (2, 3, 3), (2,3,4), (2,3, 5) case: = i, < | and > |. By 

, a' , , 6 1 1 ,2 , 1 7 

— 1\ + l>-t+->-t+ l-t] H- 1 -, 

^03 ^ - 5 5 - 2 ' 3 ' 30 15’ 


(31) holds if t > 14. Direct calculation shows that (31) also holds for 
0 < t < 13. 


Next we show that cocycles of the form XqUqXq-^ are all coboundaries. This is 
much harder than x^i/qUo-^ terms and characteristic conditions effects critically. 
We have coboundaries of the form (22) and call them type A coboundaries. In any 
cases of A-regular singularities, ai = di {i = 1,2) is smaller than p and nonzero in k. 
Since monomial terms x^y^yQ-^ are all coboundaries, we get following cobound¬ 
aries by subtracting them from (24) and (25): 


(32) (xo - l)’'a;g?/oa:o 


d 
dxo 

(33) {xo - lyxlylxo-^ 


t > 1, r = min 

t'>l,r= —t 
Oi2 


r^t+ii,u2i 

02 

02-1 


0^2 


s = min 


Pi. 1 

s = —t - 

ai ai 
rPl ,-1 

—D^ii 
Oi 


We call (32) and (33) coboundaries of type B and C respectively. Similarly sub- 


tracting xgi/o2/og^ terms from (28), we get the following coboundaries of type 
except in the type {2,2, d) cases: 


D 


d 


1 


x^y^XQ— ( 0 < t < Fo - 1, s = —t + — 


03 


03 


The proof uses the basically same method as x^yly^-^ part. 


If s < then it is a coboundary from ?7i by (26), in other words type A 


coboundary. For s > we use the induction on s. It is enough to show that 
there exists an integer r such that 


(34) 


Q 

{xq — I)''a;g ^y^XQ —— is a coboundary. 

OXn 


Again we calculate this case by case. We only consider minimum — and — 

® t/ 7 0/^2 0:3 

because the coboundary space becomes smallest. 


(1) Type (2,2,d) (d > 2, p ^ 2) case: then ^ ^ = 1 and > 1. If t is 

even, set r = + 1. Then s — r>t-|-I — (^t + 1) = It and this shows 


( [34| holds by a type A coboundary. 

Then s — r>t + l — {^t + |) = — i. 


If t is odd. 


set r = -I- |. 


If 


s — r > if -b i, it is a type A coboundary. Otherwise, s — r = ^ and 

it is a type B coboundary. 













18 


YUKITANAKA 


(2) Type (2, 3, 3), (2, 3,4) {p ^ 2, 3) case: then ^ = i,^<iandf^>|. 
If ^ + IL s - r - it > ft + i - (|t + |) - it = So ([34| 

holds by a type A coboundary if t > 17. (34) also holds for 0 < t < 16 
cases by Table 


Table 1. Types of coboundaries in case (2). 


t 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

minjs} 

1 

2 

3 

4 

6 

7 

8 

9 

11 

12 

13 

14 

16 

17 

18 

19 

21 

r 

1 

2 

2 

3 

4 

5 

5 

6 

7 

7 

8 

9 

9 

10 

11 

11 

12 

minjs — r} 

0 

0 

0 

1 

2 

2 

3 

3 

4 

5 

5 

5 

7 

7 

7 

8 

9 

Type 

A 

B 

C 

B 

A 

B 

A 

B 

A 

A 

A 

B 

A 

A 

A 

A 

A 


1 ^ < 
2 ’ 02 — 


and 


> I- 


If 


(3) Type (2,3,5) {p ^ 2,3,5) case: then ^ = 

+ «-»■- if ^ fi- So holds 

by a type A coboundary if t > 44. (34) also holds for 0 < t < 43 cases by 
Table m 


Table 2. Types of coboundaries in case (3). 


t 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 


minjs} 

1 

2 

3 

4 

5 

7 

8 

9 

10 

11 

13 

14 

15 

16 

17 

r 

1 

2 

2 

3 

0 

5 

5 

6 

6 

7 

8 

9 

9 

10 

10 

min{s — r} 

0 

0 

1 

1 

5 

2 

3 

3 

4 

4 

5 

5 

6 

6 

7 

Type 

A 

B 

C 

B 

D 

B 

A 

B 

C 

B 

A 

B 

A 

B 

C 

t 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

minjs} 

19 

20 

21 

22 

23 

25 

26 

27 

28 

29 

31 

32 

33 

34 

35 

r 

11 

12 

13 

13 

14 

15 

15 

16 

17 

17 

18 

19 

19 

20 

21 

min{s — r} 

8 

8 

8 

9 

9 

10 

11 

11 

11 

12 

13 

13 

14 

14 

14 

Type 

A 

A 

B 

A 

B 

A 

A 

A 

B 

A 

A 

A 

A 

A 

B 

t 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 


minjs} 

37 

38 

39 

40 

41 

43 

44 

45 

46 

47 

49 

50 

51 

52 

r 

21 

22 

23 

23 

24 

25 

25 

26 

27 

27 

28 

29 

29 

30 

min{s — r} 

16 

16 

16 

17 

17 

18 

19 

19 

19 

20 

21 

21 

22 

22 

Type 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 

A 


Then we have shown all monomial cocycles in {xo,yo) are coboundaries. All 
monomial terms in coordinate (xq, j/q) are sums of these terms and therefore cobound¬ 
aries. Subtracting these new coboundaries from coboundaries (29) and (30), cocy¬ 
cles (20) and (21) with a pole at {xq = 1} are all coboundaries. Then we have 
i7^(6p) = 0 and the proof has finished. 


4.3. Remarks on the proof. In the proof above, coboundaries of types other 
than A are all necessary for cohomology vanishing. To get these coboundaries, all 
characteristics conditions are used. In fact observing the list by Artin [T], tautness 
and F-regularity are equivalent for rational double points. 

















































































TAUTNESS OF E-REGULAR AND F-PURE SURFACE SINGULARITIES 


19 


On the other hand, there are some cases in each type of the star-shaped graphs 
whose cohomology calculation was omitted. For example if the self-intersection 
number —bo of the central curve is sufficiently small, tautness holds for all charac¬ 
teristics because the t — 0 case calculation always holds and ^ > 6o — 1. Even 
in the case bo = 2 and type (2,3,5), which is the hardest case to vanish coho¬ 
mology, if each branch has only one irreducible curve of self intersection then 
^ ^ = I and ^ = I and type B, C, D coboundaries are not necessary. So 

F-regularity is not necessary for tautness in general. 

5. Discussions on F-pure rational cases 

5.1. Relations between F-purity and tautness. By Section 4.3, further rela¬ 
tionships between F-singularity and tautness can be expected. We discuss whether 
tautness holds for F-pure rational singularities or not. The classification of F-pure 
rational singularities by Hara says that there are F-pure RDPs which are not F- 
regular. This shows F-purity is not a sufficient condition for tautness of a rational 
singularity. 

On the other hand, the graph of a rational singularity shown in Figure is a 
taut graph for large characteristics by [10] and [15] but is not a graph of an F-pure 
singularity. This means F-purity is not even a necessary condition for rational 
singularities to be taut. 



Figure 8. Non-F-pure rational taut graph. 

Even though there is no implication between F-purity and tautness for rational 
singularities, some interesting phenomena can be observed. 

5.2. A kind of uniqueness for F-pure RDPs. In [T], all rational double points 
in positive characteristics are presented using their defining equations as hypersur¬ 
face singularities. Using Fedder’s criterion of F-purity [4], we can judge whether it 
is F-pure or not. Results are shown in the following tables]^ an d[6| Observing 
these tables, we can get the next theorem. 

Theorem 5.1. Let {X,x) and (X'^x') be both two-dimensional F-pure rational 
double points over an algebraically closed field k of a positive characteristic. If 
Fx,s = Lx'x', {X,x) and (X',x') are isomorphic to each other. 
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Table 3. Rational double points in characteristic 2. 


Graph 

Type 

Defining equation 

T-purity 

An (n > 0) 


+ xy 

T-pure 

D2n {n > 2) 

~1^ 

^2n 

+ x^y + xy” 



D-2n (1 > r > n - 1) 

+ x^y + xy” + xy'^~^z 

T-pure <J4> r = n — 1 

D2n+i {n > 2) 

^2n+l 

+ x^y + y”z 

z^ + x^y + y”z + xy’^~'"z 

T-pure r = n — 1 

Ee 

Eli 

z^ + x^ + y^z 



Ei> 

z^ + x^ + y'^z + xyz 

T-pure 

Er 

E'i 

z^ + x^ + xy'^ 



Ei 

z^ + x^ + xy^ + x^yz 



E^7 

z^ + x^ + xy^ + y^z 



E^7 

z^ + x^ + xy^ + xyz 

T-pure 

00 

EH 

z^ + x^ + y'’ 



Ek 

z^ + x^ + y^ + xy^z 



El 

El 

z^ + x^ + y^ + xy^z 
z^ + x^ + y^ + y^z 



El 

z^ + x^ + y^ + xyz 

T-pure 


Table 4. Rational double points in characteristic 3. 


Graph 

Type 

Defining equation 

F-purity 

IV 

-^n 

z”+^ + xy 

F-pure 

Dn (n > 4) 

Dn 

z^ + x^y + y”“-^ 

F-pure 

Ee 

EH 

z^ + x^ + y"^ 



El 

z^ + x^ + y^ + x^y^ 

F-pure 

E7 

eH 

z^ + x^ + xy^ 



Ei 

z^ + x^ + xy^ + x^y^ 

F-pure 

Es 

El 

z^ + x^ + y^ 



El 

z^ + x^ + y® + x^y^ 



El 

z^ + x^ + y® + x^y^ 

F-pure 


Table 5. Rational double points in characteristic 5. 


Graph 

Type 

Defining equation 

F-purity 

An (n > 0) 

An 

z”+^ -1- xy 

F-pure 

Dn (n > 4) 

Dn 

z^ -1- x^y -1- y"“-^ 

F-pure 

Fg 

Ee 

z^ -1- x^ -1- y^ 

F-pure 

E7 

E7 

z^ -1- x^ -1- xy^ 

F-pure 

Es 

El 

El 

z^ -1- x^ -1- y^ 
z^ -1- x^ -1- y® -b xy^ 

F-pure 
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Table 6. Rational double points in characteristic > 7. 


Graph 

Type 

Defining equation 

F-purity 

An (n > 0) 


-b xy 

F-pure 

Dn (n > 4) 

Dn 

-1- x'^y + 1/"“^ 

F-pure 

Eq 

Ee 

z‘‘‘ + x"^ + y^ 

F-pure 

E 7 

Ej 

-1- -1- xy^ 

F-pure 

Es 

Eg 

z^ -1- -1- y® 

F-pure 


5.3. Non-RDP star-shaped graphs with three branches. Next we see taut¬ 
ness of star-shaped graphs of non-RDP T-pure rational singularities with three 
branches, that is, the third cases of Hara’s classification other than type (2, 2,2, 2). 
We use the same method as Section 4.2. 

First we show monomial form cocycles are coboundaries. For this, it 

was enough to show 


(35) 


L—tj + 1 - \^t\ - > 0. 

Q!3 0L2 Qfl 


Next we show that monomial cocycles are coboundaries using cobound¬ 

aries of type A, B, C and D. Recall that it is a coboundary from t/i if s < 
Otherwise, it was enough to show there exists an integer r that 


(36) 


(x,-irxt^vlx,^^ 


is a coboundary. 

(1) Type (3,3,3) (p = l(mod3)) case: since the intersection matrix is not 
negative definite if all self-intersections of irreducible curves are —2 [2], at 
least one component has self-intersection —3 or less. So we may assume 


^ < I and ^ > |. 

Oil ' Cx.2 — -J CK3 — 'J 

5 


±1 1. — u, uiicii Lgij -r J.- I ft] - — 1 > 0. If t > 1, -1-1- - ft > 

(f^ + ~ ~ Therefore xly}^yQ-^ terms are all 

coboundaries. 

Next we check cocycles x^y^xg^- If t = 0(mod3), then (36) is a 
coboundary of type Aifr=|t-|-1. Iff = l(mod3), then (36) is a 
coboundary of type D if r = 0. If t = 2 (mod 3), then (36) is a coboundary 
of type C if r = -I- |. So terms are all coboundaries. 

(2) Type (2,3,6) {p = l(mod3)) case: at least one self-intersection number 
is —3 or less by the same reason as above. Then — = h, — < |,— > | 
and at least one inequality is not an equality. 

First consider the case ^ = 5- Since — — 5, (35) 

holds for t > 2. Direct calculation shows that (35) also holds in t = 0,1 
cases. Next we consider the case f- > |, equivalently > ^. Since 
-|- 1 — |~|f] — — I) (35) holds for t > 1. Direct calculation 


shows that (35) also holds in t = 0 case. Therefore cocycles x^y^yo ^ are 
all coboundaries. 
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Next we check cocycles XqU^xo-^^. If ^ then [gtj + 1 — ([it] + 
1) — 5 > — I implies is a coboundary if t > 5. For 0 < t < 4, 

Table gives the desired coboundaries. 


t 

0 

1 

2 

3 

4 

minjs} 

1 

2 

3 

4 

5 

r 

1 

2 

2 

2 

3 

minjs — r} 

0 

0 

1 

2 

2 

Type 

A 

B 

A 

A 

A 


If = “F’ flien [-g-tj + 1 - ([gt] + 1) - 2 ^ > 3 ^ - i says that a;gy^a:ogy^ 
is a coboundary if t > 3. If t = 0, (xq — l)a^ogf^ is a type A coboundary. If 
t = 1, {xQ-lYyoXQ-^ is a type B coboundary. If t = 2, {xQ-lYxoylxo^ 
is a type C coboundary. Therefore cocycles are all coboundaries. 

(3) Type (2,4,4) {p = l(mod4)) case: same argument as above shows at 
least one component has self-intersection —3 or less. So we may assume 

Al = 1 = 3 g^nd ^ > J. 

Oil 2^ a.2 4 0:3 — 4 

Since [|tj -|- 1 — [It] — (35) holds for t > 1. t = 0 case is 

calculated directly and holds. 

Next check a;g?/Qa;ogf^s a coboundary. It is a coboundary if t > 3 
because -I- 1 - ([|tj -I- 1 ) - - f. If t = 0, (a;o - I)xogf^ is a 

type A coboundary. If t = I, {xq — is a type B coboundary. If 

t = 2, (xq — l)^XoyQXo is a type A coboundary. This shows that cocycles 
xgj/gXogl^ are all coboundaries. 

As a result, H^{<dp) = 0 is shown in these cases. 


5.4. Type (2,2,2,2) star-shaped graphs. Though it was seen in Section 5.2 
that F-purity does not implies tautness of rational singularities, there still remains 
a possibility that Theorem 5.1 holds for non-RDPs. Unfortunately, star-shaped 
graphs of type (2, 2, 2, 2) is a counterexample of this, not only of tautness. 

Fix a graph F of type (2, 2, 2, 2) appearing as a graph of an F-pure rational sin¬ 
gularity. It was shown that there are infinitely many As which gives the intersection 
points at the central curve 0,-1, A, 00 G P^. The permutation group ©4 acts on 
these A and different orbits represent different positions of intersections. Since there 
are infinitely many orbits, there are infinite family of exceptional curves {E^}^ em¬ 
bedded in nonsingular surfaces and associated with F. These always satisfy the 
condition of contractibility [2], they can be contracted into rational singularities. 
Then we obtain infinitely many non-isomorphic F-pure rational singularities whose 
graphs are all F. This gives a counterexample of Theorem 5.1 in non-RDP case. 

5.5. *F„_|_ 3 (n > 2) graphs. In the case k = C, a > 2) graph is always 

taut if the negativity of the intersection matrix is satisfied [5] . In arbitrary positive 
characteristic, there are examples of *F„_|_ 3 (n > 2) graphs which might not be taut. 
This is because F^(0p) ^ 0, but we need to improve Schuller’s criterion to judge 
whether it is taut or not in fact. 

We see one example. If p = 3, the graph in Figure|^gives F such that (0p) ^ 
0. Then we can take v = A, vi = = 28, V2 = 20 and P4 = P5 = Pg = = 16. 
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Figure 9. An example of ^,Dn+ 3 {n > 2) graph with H^{<dp) ^ 0 
in p = 3. 


We can calculate H^{Qp) using a covering similar to the one in Section 4. That 
is, we see four vertices in the left as a subgraph of a star-shaped graph of type 
(2,2, d) and define Uq in the same way. Then Uq = {Ei \ E 2 ) U A 4 U E^. Set 
U 2 = (A 3 \ E 2 ) U Ag U Ay for the opposite side in the same way. 

Then r(0[/(,) has a basis as follows: 


(37) 


(38) 


(39) 


(40) 


(xo - l^Xo^oXo^ 

t > 0, r = min [ -t] + 1, loj’ , s > min -t, 15 
(xo - lYx^oVoVo-^ 

t > 0, r = min [-t], loj’ , s > min -t, 16 

. f 1 3 1 1 

r,t>l,r = mm 1 2 ^ 2’ ^ 2^ ~ 2 


d 


d 


2(xo - l)’-+^xg 2 /*xo^ - (xo - 

1 1 ■ f 1 1 

r,t> 1, r = -t - s = mm<^ -t+ -,16 


Let Ui be (Ai \ (A4 U A5)) U A2 U (A3 \ (Ag U Ay)). Then A — AoUAiUA2isa 
Leray cover for 0 p provided = 0 . 

First compute i 7 ^( 0 [/J = 0 and a basis of r( 0 £/J. Let Ai = (Ai \ (A4 U Ag)) U 
(A2 \ A3) and A2 = (A2 \ Ai) U (A3 \ (Ag U Ay)). Then C/i = Ai U A2 is an affine 
covering. We set the coordinates as 

Ai = Spec(fc[xi, pi, (1 - xi)"^]/(xf j/f) 

A2 = Spec(fc[x2,2/2, (1 - y2)~^]/{xfy2°) 

xi = X22/2, yi = X2^. 


= 2^2^, 2/1 = “^2A— 

ox I ay 2 oyi 0 x 2 


„ d d 

3y2A— = -X2^ -• 

dy2 0 x 2 


Then 
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Here vanishing of the 2/2 term in the second equation by the characteristic con¬ 
dition is the key point. By this formula, 




This situation is similar to the proof of lemma 4.2 and H^{Qui) = 0 can be checked 
in the same way. 

By the coordinate change given above, xly\xi^^ € r(0[/J xly\yi-^ € 
r(0(7j 3s >t for small s. Precisely, r(0[/i) has a basis as follows: 




xlylxi 


xlvlyi 


X 2 V 2 X 2 


3 ^ 21 / 22/2 


d 

dxi 

d 

dyi 

d 

dx2 

d 

dy2 


[t > 0, -t < s < 18) 

O 

{t>0,\t<s< 19) 
(t > 0,s > 19) 

(t > 0, s > 20) 

(s > 0,t > 20) 

(s > 0,t > 19) 


((1 - XiY - (1 -bxi -b • • 

■ + b*rw«^ 

(r < 0 , t > 0) 

((1 - XiY - (1 -bxi -b • • 

■ + b»rw»4 

(r < 0 , t > 0) 

((1-2/2)’'- (1 + 2/2 + - 


(r < 0 , t > 0) 

((1-2/2)’'- (1 + 2/2 + - 


(r < 0 , t > 0). 


Since what we want is only their images in r(0(7onc/i) and r(0(7inc/2)) we use 
the expression by (xo,yo) and (x^jy^). Note that r(0c/(,nf7i) has a basis as follows: 


xovlxo 


d 

dxo 

d 


(41) 


{xo - l)^^ Vo^Og^^ 


XoVlvo 


(a;o - lyxg ^xo y^yo 


d 

dyo 

d 

dyo 


(s e Z,0 < t < 27) 
(r < 0,0 < t < 27) 
(s e Z,0 < t < 26) 
(r < 0,0 < t < 26) 


This is different from the one used in Section 4, but convenient in this case. 
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Via the coordinate change, Im(r(0(7j —r(0(7Qnc/i) © r(0[/^nc/2)) has a basis 
as follows: 


(42) 


i^oVo^o^, X 3 


8t — 5s5t — 3s 

ys 


-2/3 « I 

0 x 3 oys) 


(43) 

(44) 

(45) 

(46) 

(47) 

(48) 

(49) 

(50) 

(51) 


d 


d 


d 


5 5 

) (0 <t < 27, -t - 9 < s < -t) 

O O 

X 5 26 5 , 

) (0<t<26,-t-y <s<-t) 


(xo2/oXo^,0) (0 <t < 27,s <-t - 9) 

axo 3 

3 c: 26 

(xg 2 /o 2 /o^, 0) (0<t < 26,s < -t-y) 

{Q,x%y\x 3 -^) (0 <t < 27,s < - 9) 

3 15 26 

(0, —) (0 <t < 26,s < -t - —) 


dys 


d 


((xq ’■(xo - 1)’' - (1 + a;o ^ + • • • + Xq ^®) ^)xl*ylxo — , 0) 

(r < 0, 0 < t < 27) 

{{x^^ixo - 1)’' - (1 + 0:0-^ + • • • + Xo-^«)-’')x^‘y‘yo^, 0) 

(r < 0, 0 < t < 26) 

(0, {x 3 ^{x 3 - 1)’' - (1 + + • • • + X3 ^®)"’')x^‘y^a: 3 ^) 

(r < 0, 0 < t < 27) 

(0, (a: 3-’-(^3 - 1)’' - (1 + X3-1 + • ■ ■ + 

(r < 0, 0 < t < 26) 


We show that (0,X3g|^) S r(0[/pnUi) © r(0[/jnc/2) is not a coboundary. First 
consider coboundaries from U 2 - In the basis of r(0(72) above, coboundaries related 
to X3 are only 

(52) (X3-1)X3X3^ (s > 0). 

This gives relations between X3 and xfxs (s > 1) and no relations to others. 

We check coboundaries from Ui related to elements in (52|. Observing (42), 
related elements satisfy 8t — 5s > 0 and 5f — 3s = 0. This implies t = 0 and 
^0 3x7 “ ^3 0x7 ~ ^3 0^ coboundary we can use to vanish the target 

cocycle. Next see coboundaries of the form (50). Related terms satisfy t = 0. On 
the other hand, x^^{x 3 — l)’'x3g|^ has a pole of order —r at X3 = 1 and therefore 
no coboundaries from U 2 have terms to cancel this pole. This tells us that any 
coboundaries including a nontrivial sum of these with r < 0 alway s h ave a po le at 
X3 = 1 and we cannot use them to make (0,X3g|^). Terms from (43) to (49) and 
(51) has no related terms. 
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We can apply the same argument done for 2:3 to xq-^ by symmetricity. 
Consider the image of 

(^oi^ 0 r(0t7j 0 r(0(72) g fc) 

where 9i does not have xqj^ term. Then its image by the restriction map is 


d d d 

-1- do + di, ^Xqt; --h do 0 02)- 

0x0 dxo dyo 

Here the signature multiplied to the restriction is set all positive because this change 
is not intrinsic. Using the basis (41), 




\S& 


where Ys>o 5® = ^- Similarly, 


other terms 






other terms 


where Es^o?'* = 

(OjCCagl^) satisfies Es>o^s ~ ^ Es>o^s “ 1- implies that it is not a 
coboundary and H^{Qp) 0 is proved. 
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